Linear Regression Demystified

Linear regression is an important subject in statistics. In elementary statistics courses, formulae related to
linear regression are often stated without derivation. This note intends to derive these formulae for students with
more advanced math background.

1 Simple Regression: One Variable

1.1 Least Square Prescription

Suppose we have a set of data points (z;,y;) (i = 1,2,---,n). The goal of linear regression is to find a straight
line that best fit the data. In other words, we want to build a model

9i = Po + 1z (1)
and tune the parameters Sy and (31 so that ¢; is as close to y; as possible for all i =1,2,--- ,n.

Before we do the math, we need to clarify the problem. How do we judge the “closeness” of ¢; and y; for all
i? If the data points (x;,y;) do not fall exactly on a straight line, y; and ¢; is not going to be the same for all i.
The deviation of y; from g; is called the residual and is denoted by ¢; here. In other words,

Yi = Ui + € = Bo + B1x; + €. (2)

The least square prescription is to find Sy and 1 that minimize the sum of the square of the residuals SSE:

n n

SSE = Z € = Z(yi — ) = Z(yi — Bo — Brx;)?. 3)
=1 i=1

i=1
If you are familiar with calculus, you will know that the minimization can be done by setting the derivatives of
SSE with respect to 3y and £ to 0. The resulting equations are!

n n

Z(yi —0i) = Zﬁi =0 and Z«’L’z‘(yi —0i) = Zl’iéi =0. (4)
=1 =1

i=1 =1

If you are not familiar with calculus, you will have to take my words. We will try to give you an intuition of the
meaning of the above equations below. Before we do that, let’s remind you some concepts in statistics.
The mean and standard deviation of a set of points {u;} are defined as

n

u:iiu Sy = |2 - (5)
i=1

=1

The Z score of u; is defined as

U; — U
— . 6
e ()
The correlation of two set of points (with equal number of elements) {z;} and {y;} is defined as
1 n
1=

! Careful students may realize that this only gaurantees that SSFE is stationary but not necessarily minimum. There is also a concern
whether the resulting solution is a global minimum or a local minimum. Detail analysis reveals that the solution in our case is a global
minimum.



The Cauchy-Schwarz inequality states that for two set of real numbers {u;} and {v;},

(&) < (E4) (5

and the equality holds if and only if v; = ku; for all 7, where k is a constant. You can find the proof of the
inequality in, e.g., Wikipedia.

It follows from the Cauchy-Schwarz inequality that the correlation |rs,| < 1, with |rz,| = 1 if and only if z;
and y; fall exactly on a straight line, i.e. ¢; = 0 for all <. So the correlation 7., measures how tightly the points
(z,y;) are clustered around a line.

We can now rewrite the first equation of (4) as

e=0. (8)

That is to say that the mean of ¢; vanishes. We can also combine the two equations of (4) as
n n n
inei - EZGZ' =0 = Z([L’Z — (I?)(EZ — E) =0 = nSD,SD.orpc=0 = 1r4=0.
i=1 i=1 i=1

That is to say that the correlation coefficient between x; and ¢; is 0.

Thus the least square prescription is to find By and 1 to make the residuals having zero mean and zero
correlation with x;. Let’s illustrate how this can be done graphically.

Suppose we have the following data set of x; and y;:
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We want to fit a straight line y = By + S1x to the data points. We know the line has to make the resuduals having
zero mean and zero correlation with z;. First, let’s imagine pick various values of 31 and see what the plot y — 1«
versus x look like. In general, we will have the plot similar to the one above but with different overall slope. If we
pick the right value of 1, we will see that the residual y — S1x vs x is flat:



3 —
2
. ° .. . ' . . . e ..
< NP NSRS P R AT
1 “...u !‘.‘.oo' * % : . .{- ..ﬂ- oo ...'...-'- l".'.-g l.w-.
Q R W Vel e hee VS s A N RN
1 o oW, % 'Q“\ﬁ."'." 3’.5.-.\." F LA Y X TN
| ° '.I"".-:".’:-"O'.. '..' ::.;‘:- e gt ""."",":.- “--i‘f <
. 0ee 0 H o o™, . Py
> . ’q.'. oo oo, e « &° } . .
. . . .
0
-1
T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0
X

We know have achieved the first goal: by choosing the right value of 51, the residual y — S1x has zero correlation
with z. However, the residuals do not have zero mean. So next we want to choose By so that y — Sy — S1x has
zero mean. When the right value of Sy is chosen, the residuals become this:
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We have accomplished our goal. The residuals now have zero mean and zero correlation with x;. The resulting
regression line y = By + S1x is the straight line that is best fit to the data points. The graph below shows the
regression line (blue), data points (black) and the residuals.
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We have outlined the idea of linear regression. Let’s now figure out how to do this in math.
Taking the average of equation (2) and using € = 0, we obtain

y = Po+ 1T 9)

This means that the regression line passes through the point of average (Z,y). We can express [ in terms of f;
as

Bo =1y — pi3. (10)

What we need to do next is to calculate 8,. There are many ways to do it. We will use a method that will prove
useful for the multiple regression. This method use the concept of a vector, which we introduce next.

1.2 Vectors
An n-dimensional vector V' contains n real numbers v1,vs, - - , v,, often written in the form
U1
V2
V =
Un,
The numbers vy, vo, - - - , vy, are called the components of V. Here we adopt the convention to write vector variables

in boldface to distinguish them from numbers. It is useful to define a special vector X whose components are all
equal to 1. That is,
1

Xo-| | (1)



The scalar product of two vectors U and V is defined as

U~V:V-U:Zn:uivi,
i=1

where v; and u; are components of V' and U. Note that the result of the scalar product of two vectors is a number,
not a vector. Two vectors U and V' are said to be orthogonal if and only if U - V = 0.
It follows from the definition that

V.V => 0>0,
i=1
with V' - V' =0 if and only if all components of V' are 0. It follows from the Cauchy-Schwarz inequality that
U- V)< (U -U)(V-V)

with the equality holds if and only if U = kV for some constant k.
Now that we have introduced the basic concept of vectors, we are now ready to express the regression equations
in vector form.

1.3 Regression Equations in Vector Form

Equation (2) can be written as
Y:Y—FG:B(]X()—F,BlX—{-G. (12)

The sum of square of residuals SSE in (3) can be written as
SSE=e-e=(Y-Y)- (Y -Y)=(Y - o Xo— 51 X)- (Y — foXo — 1 X) (13)
To minimize SSE, we set the derivatives of SSFE with respect to Sy and 1 to 0. The resulting equations are
Xo (Y =B Xo—5X)=0, X (Y -5 Xo—-5X)=0

or

Xo-e=X-€e=0. (14)

This is equation (4) written in vector form. We see that the least square prescription can be interpreted as finding
Bo and B1 to make the residual vector e orthogonal to both Xg and X.
The mean and standard deviation in (5) can be expressed as

1 1
u=—-Xo-U , SDu:\/(U—uX0)~(U—uX0) (15)
n n
and the Z score in (6) becomes
U —uXy
Z, = — 16
“ SD, (16)
It follows that
Zy-Zy=n (17)
The correlation 7, in (7) is proportional to the scalar product of Z, and Z,:
1
Toy = —La - Ly (18)
n
The equation r, = 0 is equivalent to
Zy-€=0 (19)

We see that the equations in vector form are simpler and more elegant. We are now ready to solve the regression
equations (12) and (14) for By and ;.



1.4 Regression Coefficients

Start with equation (12). Taking the scalar product of (12) with X, using equations (15), (14) and X¢ - Xo = n,
we obtain
ny =nfo+nhz = Y= P+ T, (20)

which is equation (9) we derived earlier. Multiply both sides of the above equation by X gives
yXo = PoXo + 12 X0
Subtracting the above equation from (12) gives
Y —9yXo=1(X —7Xo) +€
It follows from equation (16) that
Y — §Xo=SD,Z, and X —2Xo=SD,Z.

Hence we have
SDyZy = 15D, Zy + €

Taking the scalar product with Z, and using Z, - € = 0, we obtain
SDyZy - Zy = 1SDyZy - Zy

It follows from equation (18) and (17) that Z - Zy = nryy and Z, - Z; = n and so the above equation reduces to

SD.
SDy'I"xy = BlSDx = ,8]_ = TxyTDi.
Combining the above equation with (20), we finally solve 5y and [i:
SD _ _
B = szTDZ , Bo=y— T (21)

The regression line is the straight line with slope r,,SD,/SD, passing through the point (z, 7).

1.5 Root Mean Square Error

Having found a straight line that best fit the data points, we next want to know how good the fit is. One way to
characterize the “goodness” of the fit is to calculate the mean square error RMSE, defined as

RMSE:,/SE’Y—E:,/g (22)
n n

A simple formula exists relating SSE, SD, and rz,. To derive it, we introduce two quantities SST" and SSM.
The total sum square SST defined as

n

SST = (yi—9)* = (Y — yXo) - (Y — yXo) (23)
=1

It follows from the definition of standard deviation [see equation (5) or (15)] that

SST =nSD}, (24)



The sum square predicted by the linear model SSM is defined as
n
SSM =3 (4 — §)* = (¥ — 5Xo) - (¥ — 5 Xo) (25)
i=1

Using Y = BoXo + 51X and 8y = Yy — B51Z, we have
Y —yXo=(y— f12)Xo + fiX — §Xo = Si1(X — 2Xo) = 15D, Zs, (26)
where we have used equation (16) to obtain the last equality. Combining (25), (26), (17) (21) and (24), we obtain

SD,
"SD,

2
SSM =np?SD? =n ( ) SD} =nr?,SD; =}, SST (27)

Next we want to prove an identity that SST = SSM + SSE. To see that, we start with the identity
Y —§Xo=(Y -Y)+ (Y —§Xo) = e+ (Y — §Xo)

We then “square” both sides by taking the scalar product with itself:

A~ A~

(Y —9Xo) - (Y —yXo) = [e+ (Y —yXo)] - [e + (Y — §Xo)]

The left hand side is SST, the right hand side is the sum of SSE, SSM and a cross term:

-~ A~ -

e e+ (Y —9Xo) (Y —9Xo)+2- (Y —yXop)

~

— SSE+S5SM +2¢- (Y — §Xo)

SST

It follows from (26) and Z, - € = 0 that the cross term vanishes:

A~

6-(Y—§X0) =p1SDyZ,-€e=0

Another way of seeing this is to note that € is orthogonal to both X and X, as required by the least square
prescription (14). So € is orthogonal to any linear combination of Xo and X. Since Y—ngO is a linear combination
of Xg and Xj, it is orthogonal to €.

We have just proved that

|SST = SSM + SSE| (28)
We have calculated above that SSM = ra%y and SST = nS’Dz. Using the identity SST = SSM + SSE, we obtain

SSE = 8ST — SSM = (1 —r3,)SST =n(1 —r3,)SD;.

Combining this equation with the definition of RMSE in (22), we find

RMSE = \/1—12,8D,

2 Multiple Regression

Now we want to generalize the results of simple regression to multiple regression. We will first consider the case
with two variables in Section 2.1, because simple analytic expressions exist in this case and the derivation is
relatively straightforward. Then we will turn to the more general case with more than two variables in Section 2.2.
Finally, we will derive a general result for the RMSE calculation in Section 2.4.



2.1 Two Variables

Suppose we want to fit the data points {y;} with two variables {z1;} and {z2;} by a linear model
ylzgl—i_el ) 1= 1727”' ) TV

with
Ui = Bo + Birx1i + Paza;.

The least square prescription is again to find £y, 51 and B2 to minimize the sum square of the residuals:

SSE=) &= (yi— )’
=1 =1

As in the case of simple regression, it is more convenient to rewrite the above equations in vector form as follows:

Y:?+6:ﬂ0X0+,31X1+ﬂ2X2+6 (30)
Y = BoXo + A1 X1 + B2 Xo (31)
SSE=€-€e=(Y — pXo— /1 X1 — (2X2) - (Y — fpXo — /1 X1 — 2X2) (32)

To employ the least square prescription, we set the derivatives of SSE with respect to £y, 51 and B2 to 0. The
resulting equations are
X0-6:X1-€:X2-€:0. (33)

That is to say that € is orthogonal to X, X1 and Xs. In other words, Y is the vector Y projected onto the
vector space spanned by X, X7 and Xo.

For convenience, we denote Z7 and Z3 as the Z-score vectors associated with X7 and X, respectively. That
is
’ . X1 —71Xo Z. X2 — 79 X0
- SD 2T 8D,
where SD; and SD; are the standard deviation of {x1;} and {zo;}, respectively. We see that Zy is a linear
combination of Xy and X7; Z5 is a linear combination of X and X3. Since € to orthogonal to Xo, X7 and X5,
it is orthogonal to Z7 and Z3 as well:

Z1 (34)

Z1'€:Z2'€:0. (35)

Recall that the mean of a vector U is & = X - U/n, and the correlation between U and V' is 1y, = Zy, - Zy/n.
Thus the orthogonality conditions of € mean that (1) € has zero mean, € = 0, and (2) € is uncorrelated with both
X1 and Xo: 7 =10 = 0.

To solve the regression equations (33), we find take the scalar product of equation (30) with X, resulting in
the equation

Y= Bo+ 171 + 22 (36)

This means that the regression line passes through the average point (Z1, Z2,y). Multiplying equation (36) by Xo
yields
yXo = PoXo + £121 X0 + P222X0

Subtracting the above equation from (30) gives
Y —yXo = f1(X1 — T1Xo) + f2(X2 — T2 Xo) + €
Using the definition of the Z score vector, we can write the above equation as

SDyZy = 1SD1Z1 + B2SDoZs + € (37)



Taking the scalar product of the above equation with Z; gives
SDyry1 = 1SD1 + B25Dar1a, (38)

where ry1 = Zy - Z1/n is the correlation between Y and Xy, 112 = Z1 - Z2/n is the correlation between Xy and
X5. Equation (38) can be written as

SD,

SD
Br="ry1og= — B2 (7" 2

125D1

SD; ) = ﬁyl — 2301, (39)

where §,1 = 415D, /SD; is the slope in the simple regression for predicting Y from X1, and fa1 = r125D2/SD;
is the slope in the simple regression for predicting X9 from Xj.

Before deriving the final expression for (i, let’s point out two things. First, if r;12 = 0 (or equivalently
X1 - X2 =0) then 81 = By1. That is to say that if X; and X5 are uncorrelated (orthogonal), the slope 3; in the
multiple regression is exactly the same as the slope 3,1 in the simple regression for prediction Y from X;. The
adding of the X2 does not change the slope. Second, if 712 > 0 and 82 > 0, then 81 < By1. The slope 31 decreases
if X7 and X3 are positively correlated and if the slope of X2 in the multiple regression is positive.

Let’s go back to equation (39). If r12 # 0, the equation of 51 involves 3. So 31 and 2 has to be solved
together. Since X3 and Xg are symmetrical, the equation for 83 can be obtained by simply exchanging the index
between 1 and 2 of the 37 equation:

B2 = By2 — 1Pz, (40)
where D sp
1
By2 = TyzsiDz and (B2 = 7‘12571)2. (41)
Substituting S from (40) into (39), we obtain
B1 = By — (By2 — B1B12)Ba1 = By1 — By2B21 + B1512621 (42)
Note that the product
Br2f21 = <7“12 SD2> <7"12 SD1> =12

Thus equation (42) becomes

Br =Byt — Byabor + 7501 = (1 —12)61 = By1 — By2Bar

or
B _ Byl - ﬁy?ﬁQl
' 11,
Using the expressions for 8,1, By2 and 312, we find
SD
=b—2, 43
fr=h" (43)

where

by — Tyl — Ty2T12
T2
12

may be interpreted as the adjusted correlation between Y and X3 taking into account the presence of Xs. The
expression for By is obtained by exchanging the index between 1 and 2:

SD,
SDy

Ty2 — Ty1T12

=b
52 2 1—7“%2

by =



Gathering all the results, we conclude that the regression coefficients are given by

SD, SD, _ _ _
B1 = b1 SD, B2 = by SD, Bo =y — B1Z1 — P2 (44)
with
Tyl — Ty2T12 Ty2 — TylT12
by = LY 2 =Y V= (45)
1- 7”%2 1- 7"%2

In Section 1.5, we see that the RMSE in simple regression is related to SD, by RMSE = /1 — r%y SD,. In

multiple regression, we will show in Section 2.4 that the formula is generalized to

RMSE =+/1—- R2 SD,,
where R is the correlation between Y and Y':
Zy - Z@
- .

R =

We will defer the calculation of R to Section 2.3. In the case of multiple regression with two variables considered
here, R is given by

r2 412, — 21 1ry0re
R— \/ yl y2 . ylly (46)
2.2 More Than Two Variables
Suppose we now want to fit {y;} with p variables {z1;, z2;, - - , xpi}. The regression equation has p+ 1 parameters
Bo, B1, P2, -+, Bp- It can be written in the vector form as
A P
Y=Y+te=) BiX;+e (47)
§=0
A p
Y => 8X; (48)
§=0
P P
SSE=e-e= Y =Y BiX; |- [Y - 8X; (49)
§=0 §=0

To minimize SSFE, we set the derivatives of SSE with respect to 8; (j =0,1,---,p) to 0. The resulting equations
can be written as

X e=0 , j=0,1,---,p. (50)

This means that € is orthogonal all Xo, X1,---, X, or equivalently, the mean of € is 0 and € is uncorrelated with
any of the variables we are trying to fit.

To find the regression coeflicients, we follow the same procedures as before. First, take the scalar product of
equation (47) with Xg. The result is

p
J=PFo+> BT (51)
j=1

As before, this means that the regression line passes through the point of average. Next, we multiple the above
equation by Xp:
P
7Xo = BoXo+ Y B;Z; Xo

j=1

10



and then subtract it from equation (47):
P
Y —§Xo =Y Bi(X; —7;Xo) +€.
j=1
Using the definition of the Z score vector (16), we can write the above equation as

p
SDyZy =Y B;SD;Z; +e.

j=1
Dividing both sides by SD, results in
p
€
Z, = ijzj + D, (52)
7j=1
where SD
b; = B2
J BJ SDy (53)
Taking the scalar product of equation (52) with Z; (i =0,1,2,--- ,p), we obtain
P
rijhy =Ty , =12, ,p. (54)
j=1
This is a system of linear equations for by, ba,- -+ ,b,. Written them out, they look like
b1 + rioby + r13b3 + -+ - + Tlpbp = Tyl
birar + by + 12303 + - -+ 1opby = Ty
bir31 + barga + b3+ - - +13pby = Ty3
birpt + barpa +b3rpz + -+ by = 1y,

If all of the variables X are uncorrelated (i.e. r;; = 0 if i # j), the solution is b; = 7,; and the slopes are
Bj = 1y;SD,/SD;. This is exactly the same as the slopes in simple regression for predicting Y from Xj.

There are no simple analytic expressions for b; in general, but there are several well-known procedures to
obtain the solution by successive algebraic operations. We will mention one in the Appendix for interested readers.
Suppose all the b’s have been solved using one of those procedures, the slopes are given by equation (53) as

SD;
—p =L i=1.2 ...
BJ JSDy y J y 4y , D (55)
and the intercept [y is given by equation (51) as
p
Bo=0—>_ BiT;. (56)
j=1

Finally, we should mention that the term “linear” in linear regession refers to be model being linear in the
fitting parameters Sy, 31, -, Bp. For example, we can fit y; by the model

3
€T
Yi = Bo + Brwi + Bay/Ti + Bsxi + Balnw; + Bs 1 +12$i (57)
using the technique of multiple linear regression since the model is linear in fy, 51, - , 85. We simply label
2 x;}
L1, = T , X2i = \/;l L3p = Ly 5, T4 = lnfL'i y Ls; = 1 _'_1212

11



and equation (57) can be written in vector form as
Y = foXo + 1 X1 + [2 X2 + 03 X3 + B4 X4 + 5 X5

which is equation (47) with p = 5. The key is to note that the least square prescription is to minimize SSFE by
varying the paremeters 8’s, not the independent variables x’s.

2.3 Correlation Between Y and Y

To generalize the RM SE expression in Section 1.5 for multiple regression, we first consider the quantity R defined

as the correlation between Y and Y:
_Zy-Zy

n

R (58)

We first calculate the average of Y:

Ny
|

1 . 1 p p
—Y . = — - . . = T =1
- Xo - BoXo + ;:1 BiXj |- Xo=PBo+ jE:1 BiT; =,

where we have used equation (48) for ¥ and (51) for 7. From the definition of the Z score vector (16) and ¢ = 7,
we can write (58) as

~

(Y —9Xo) - (Y — yXo)

_ (Y +e—9Xo)- (Y —§Xo)
_ (Y — yXo) - (Y — yXo)
SD;
D (59)

where we have used €- Xo = 0 and €- Y = 0 (since Y is a linear combination of X, - - - Xp and all are orthogonal
to €). We have also used the definition of the standard deviation (15) to obtain the last line. Hence we have

2 2 (5 —9)?
_ohy_ & (60)
Sp2 = & ’

i=1

2

which is interpreted as the fraction of the variance of Y explained by the linear model.
To compute R, we use equation (48) for Y and (56) for [y, and write

SD} = (¥~ yXo) - (¥ ~ jXo)
1 [ p p
= . |(Bo—9)Xo+ Z/BiXi] | (Bo— )Xo+ Y BiX;
I =1 =1
1 [ p p
= Zﬁi(Xi —fz‘Xo)] : ZBj(Xj — 7 Xo)
Lim1 =1

12



S

p p
(Z SDz-BiZ,) D 5D;8,2;
i=1 j=1
p p
> SDiSD;piB;Z; - Z;
=1 j=1

S|

7

I
M%

> " SD;SD;Bifri;

=1 j=1

SD? p p
R? = SD% - ZZbibjTij,

i=1 j=1

where we have used the definition of b; in equation (53). The sum can be simplified by noting that b; satisfy
equation (54), and thus we obtain

(61)

When the solution of b; is obtained, R can be calculated using the above equation. In the case of multiple regression
with two variables (p = 2), by and by are given by equation (45). Plugging them into equation (61), we obtain
equation (46).

2.4 Root Mean Square Error
As in Section 1.5, we define SST and SSM as

n

SST = (3 —9)* = (Y —yXo) - (Y — §Xo)
=1

SSM = (5 — 5)> = (Y — §Xo) - (Y — yXo)
=1

It follows from the definition of standard deviation that
SST =nSD}, (62)
and it follows from (60) that
SSM = R%*SST. (63)

The identity SST = SSM + SSFE still holds in muiltiple linear regression. The proof is almost exactly the same
as in Section 1.5.
We start with the identity

Y —jXo=(Y —-Y)+ (Y —35Xo) = e+ (Y —7Xo).

Take the scalar product with itself:

-~ A~

[e+ (Y —yXo)] - [e+ (Y — 5 Xo)]

-~

SSE + SSM +2e- (Y — 5 Xo)

(Y —yXo) - (Y — yXo)
SST

A~

Since Y — 4 X is a linear combination of Xg, X1, , X, and € is orthogonal to all these vectors, €- (Y —yXg) =0
and so we have

SST = SSM + SSE| (64)

13



Combining equation (62), (63) and (64), we have SSE = n(1— R?*)SD. It follows from the definition of RMSE =

\/SSE/n that

RMSE = /1 - R25D, (65)

which is the generalization of equation (29).

Appendix: Solving the Multiple Linear Regression Equations
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